The stability of the linear chain structure of three α clusters for 12 C against the bending and fission is investigated in the cranking covariant density functional theory, in which the equation of motion is solved on a 3D lattice with the inverse Hamiltonian and the Fourier spectral methods.
I. INTRODUCTION
In the 3D lattice calculation, there is no symmetry limitation for the single-particle wave functions in space, and a much more precise description can be achieved. This has been realized in the nonrelativistic DFTs [32, 34, 39] , where the Schrödinger equations for nucleons are solved in a 3D lattice with the imaginary time method (ITM) [41] or the damped-gradient iteration method [42] .
The relativistic DFT, namely covariant DFT (CDFT), has many advantages in describing nuclear systems, such as the natural inclusion of the spin degree of freedom and the spinorbit potential [43] [44] [45] , the interpretation of the pseudospin symmetries of nucleons and spin symmetries of antinucleons [46] , and the self-consistent treatment of the time-odd field [47, 48] , see also Ref. [49] for details. The CDFT has been widely applied to investigate the ground states of nuclei and various rotational excitation phenomena, including magnetic [50, 51] and antimagnetic rotation [52, 53] , multiple chiral doublet bands [54] [55] [56] , and the rotation of LCSs [11, 27] . In particular, in Ref. [11] , it is found a strong hint that LCSs could be realized in nuclei with extreme spin and isospin.
To have a full understanding of the LCSs, the relativistic study based on the 3D lattice method is required. Different from the Schrödinger equation, a direct implementation of the ITM to solve the Dirac equation suffers several serious problems, including the variational collapse [57] and Fermion doubling problems [58, 59] . To avoid the variational collapse problem, Hagino and Tanimura adopted the idea of an inverse Hamiltonian proposed by Hill and Krauthauser [60] and solved the spherical Dirac equation with ITM [61] . However, when they extended this method to the Dirac equation in 3D lattice space, the Fermion doubling problem appears due to the replacement of the derivative by the finite-difference method [59] . Recently, this Fermion doubling problem has been solved by adopting the Fourier spectral method [62] .
In this work, the equation of motion in cranking covariant density functional theory is solved on a 3D lattice with the inverse Hamiltonian and the Fourier spectral methods. The CDFT in 3D lattice space is then applied to study the stability of the LCSs in 12 C. The theoretical framework will be briefly introduced in Sec. II. In Sec. III, the numerical details are presented. Sec. IV is devoted to the results and discussion. A summary is given in Sec.
V.
II. THEORETICAL FRAMEWORK
The starting point of covariant density functional theory is a standard effective Lagrangian density, where nucleons can be coupled with either finite-range meson fields [63, 64] or zero-range point-coupling interactions [65] [66] [67] . For nuclear rotations, one can transform the effective Lagrangian into a rotating frame with a constant rotational frequency ω around a certain direction. The optimal solution of the rotating nucleus is determined by minimizing the Routhian of the total system. This gives rise to either the principal axis cranking CDFT [68] [69] [70] , where the cranking axis is one of the three principal axes of a nucleus, or the tilted axis cranking one with the cranking axis different from any of the principal axes, including planar [48, 50, 51] and aplanar rotation versions [56, 71] .
The equation of motion for nucleons has the form of a Dirac equation,
Hereĥ ′ is the cranking single-particle Hamiltonian, and −ωĵ y is the Coriolis or cranking term. The cranking axis is fixed as the y axis, andĵ y =l y + 1 2Σ y is the y component of the total angular momentum of the nucleon spinors. The single-particle Hamiltonianĥ 0 readŝ
The ε ′ k represents the single-particle Routhians. The single-particle energies are obtained by calculating the expectation values ofĥ 0 with respect to single-particle wave functions ψ k .
The relativistic scalar S(r) and vector V µ (r) fields are connected in a self-consistent way to the densities and current distributions of the nucleons. By solving the Dirac equation Eq. (1) self-consistently, one can proceed to calculate various physical observables for the nuclear system, such as angular momenta and total energies. For the detailed formalism, one can read, for examples, Refs. [48, 49] .
So far, the cranking Dirac equation is solved only in the harmonic oscillator basis [52, 56, 68] . In this work, Eq. (1) is solved in 3D lattice space. Similar to the solution of the static Dirac equation in Ref. [62] , the variational collapse and the Fermion doubling problems are respectively solved by the inverse Hamiltonian [61] and the Fourier spectral methods [72] .
The wave functions are obtained by imaginary time evolution,
where O means the orthonormalization of the wave functions, the upper indices of the wave functions indicate the iteration number, ∆τ is the imaginary time step, and W k is the energy shift parameter. Here, the orthonormalization is realized by the Gram-Schmidt method.
The full space is discretized by an even number of grid points along the x, y and z axes, and the grid points are distributed in a symmetric way around the origin point. Taking the x direction as an example, the coordinates of these grid points are arranged as,
where dx is the step size and n x is the grid number in the x direction. The spatial derivative is calculated in momentum space by the Fourier spectral method. In the following, this method is illustrated in the one-dimensional (1D) case and it is straightforward to generalize to the 3D case. The grid points {k µ } in the momentum space are related to the spatial grid points in Eq. (4) with the equation,
where the steps are defined as dk = 2π/(n x · dx). A given function f (x ν ) can be connected
From Eq. (6b), the m-th order derivative of f (x ν ) can be found as,
Here
Then one could get the m-th order derivative of f (x ν ) by performing the inverse Fourier transform on f (m) (k µ ). In the calculation, the Fourier and the inverse Fourier transforms are performed by the fast Fourier transform (FFT) technique.
III. NUMERICAL DETAILS
The successful density functional DD-ME2 [64] is employed. The Dirac spinors of the nucleons and the potentials in the single-particle Hamiltonian (2) are represented in 3D lattice space. The step sizes along the x, y, and z axes are identical and chosen as 0.8 fm.
The grid numbers are 24 for the x and y axes and 34 for the z axis. It turns out that the size of the space adopted here is sufficient to obtain converged solutions [32] . The imaginary time-step size ∆τ is taken as 150 MeV. As mentioned in Ref. [11] , since the density of the single-particle levels is rather low, the pairing correlations could be neglected safely. The convergence of the iteration is achieved by requiring that the energy uncertainty for every occupied single-particle state is smaller than 10
Two numerical tricks are employed to speed up the convergence of the iterations:
(1) The energy shift W k in Eq. (3) for the k-th level is taken as
where
The choice of ∆W k is as follows:
(2) During the imaginary time evolution in Eq. (3), the wave functions {ψ
iteration constitute an orthonormal space. Similar to Ref. [62] , the cranking Dirac
Hamiltonian is diagonalized within this orthonormal space at every iteration, and the obtained eigenfunctions are taken as the initial wave functions for the next iteration.
IV. RESULTS AND DISCUSSION
We investigate the stability of LCSs in 12 C against bending and fission. The initial state of the cranking CDFT calculations is shown in Fig. 1 (a) . It is a twisted linear chain constructed by placing the three wave function sets of 4 He. For comparisons, the obtained density distributions for the ground state and LCS ( ω = 2.0 MeV) of 12 C are shown in MeV. In each figure, the density is normalized with respect to its corresponding maximum density
Figs. 1 (b) and (c), respectively. The density in each figure is normalized with respect to its corresponding maximum density ρ max . Then we perform the self-consistent cranking CDFT calculations starting from the initial state in Fig. 1 (a) . To check the convergence of the imaginary time evolutions, the coefficient of the rotational energy, 2 /2ℑ rigid , at each iteration is shown in Fig. 2 . Here the moment MeV (lower panels). In each figure, the density is normalized with respect to its maximum density
However, in previous nonrelativistic DFT calculations, the fissions at high rotational frequencies have not been discussed. In the following, a detailed analysis for these fissions will be performed by examining the density distributions and single-particle levels. there is no visible density distribution in between. After checking the density distributions for every iteration, one can find the same anomalies in the density distributions. To understand these anomalies in the density distributions shown in Fig. 3 , we firstly calculate the LCS at ω = 0.0 MeV. Although it is not a local minimum but rather a saddle point with respect to bending motion, we can still get a converged LCS self-consistently with three initial αs on a straight line [39] . We freeze the potential at ω = 0.0 MeV and change the ω from 0.0 to 3.0 MeV. In Fig. 4 , the obtained single-particle Routhians and energies for the neutrons are shown as functions of ω. As seen in Fig. 4 (a) , some positive single-particle Routhians at ω = 0.0 MeV go down drastically and even cross with the occupied ones with increasing rotational frequency. However, their single-particle energies are positive as shown in fig. 4 (b) . The steep slopes of these levels as displayed in Fig. 4 (a) mean that they have extreme large angular momenta. The density distributions for these levels are mainly near the edge of the box instead of the central part. Obviously, they are unphysical continuum. Therefore, we can conclude that the fissions shown in Fig. 3 arise from the occupation of the unphysical continuum. the unphysical continuum appears and should be removed. For this purpose, a Fermi-type damping function,
is introduced for the cranking term −ωĵ y to exclude the unphysical continuum, where r D is an effective cut-off parameter and a D is a smoothing parameter. It means that the cranking term −ωĵ y in Eq. (1) In Fig. 8 , we show the total Routhians, energies, and spins versus the damping parameter 
V. SUMMARY
The equation of motion in cranking covariant density functional theory is solved on a 3D lattice with the inverse Hamiltonian and the Fourier spectral methods. The cranking CDFT in 3D lattice space is then applied to study the stability of the LCSs in 12 C against the bending and fission at various rotational frequencies.
For cranking CDFT calculations in 3D lattice space, the single-particle Routhians of the unphysical continuum with large angular momenta go down drastically with rotational frequency and even cross with the occupied one. This leads to fissions and the anomalies in the density distributions, namely, the densities distribute mainly in the central part of and/or the edge of the box, and there is no visible density distribution in between.
To exclude the unphysical continuum and avoid the anomalies in the density distributions, a Fermi-type damping function is introduced for the cranking term. After adopting the damped cranking term with reasonable damping parameters, it is found that the linear chain structures are stable with the rotational frequency ω in the range of ∼2.0 MeV to ∼3.5 MeV. The lower rotational frequency gives the ground state, while the higher one leads to the fission. The moments of inertia for the rotational band of the linear chain states in 12 C obtained are compared with the experimental ones in 14 C, and a good agreement is found.
